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Abstract
Let X be a regular Hausdorff space and H a subcollection of the lattice F of all closed subsets
of X, which is hereditary with respect to closed sets and stable under finite unions. The space X is
calledH -trivial if the co-compact topology onH coincides with the corresponding upper Kuratowski
topology. We propose a description of H -trivial spaces in terms of open sieves, providing parallels
and connections with ˇCech-complete and sieve-complete spaces. Answering a question of Nogura
and Shakhmatov, we show that if X is of pointwise countable type, then X is locally compact if and
only if X×Y is F -trivial (i.e., consonant) for every F -trivial space Y . A topological proof of the fact
that the rationals are not Fin-trivial is given, where Fin is the lattice of finite sets. Other examples
and results related to H -trivial spaces are discussed.
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1. Introduction
All spaces in this paper are supposed to be regular and Hausdorff, and all maps are
continuous. Let F (X) be the collection of all closed subsets of a given space X. Two
standard topologies on F (X) will be considered. The co-compact topology τco generated
by sets of the form {F ∈ F (X): F ∩K = ∅}, where K is a compact subset of X, and the
upper Kuratowski topology τuk , which is finer than τco, and is the strongest topology on
F (X) such that the upper Kuratowski convergence of a net (Fγ )γ∈Γ ⊂ F (X) to F ∈ F (X)
implies the convergence of (Fγ )γ∈Γ to F with respect to τuk . Recall that the net (Fγ )γ∈Γ
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upper Kuratowski converges to F means that
⋂
β∈Γ
⋃{Fγ : γ  β} ⊂ F . In the sequel, thesymbol H (with or without indices or primes) always stands for a subcollection of F (X)
which is stable under finite unions and hereditary with respect to closed subsets. We often
write H instead of H (X), the underlying space being clear from the context.
This paper is a continuation of [6]. Our main interest here is in the following questions,
raised by Shakhmatov and Nogura in [21, Question 10.3]:
(a) When do τco and τuk coincide on the collection Fin of all finite subsets of X?
(b) When do τco and τuk coincide on the collection K of all compact subsets of X?
and, more generally
(c) When do τco and τuk coincide on H ?
A space is said to be Fin-trivial if it satisfies to (a), K-trivial if it satisfies to (b), and,
generally speaking, H -trivial if it satisfies to (c). Fin-trivial and K-trivial spaces were
considered by Shakmatov and Nogura in [21], as a natural generalization of consonant
spaces (= uK-trivial spaces in [21]). Recall that X is said to be consonant [10] if τco and
τuk coincide on F , that is, X is F -trivial. Obviously, F -trivial →K-trivial → Fin-trivial.
On the other hand, there are examples in [6] showing that neither of these implications is
reversible.
In [21, Theorem 10.4], Nogura and Shakmatov give a nice description of H -trivial
spaces in terms of compact families. Recall that a non-empty collection H of open subsets
of X is said to be a compact family [10], if H is stable with respect to open supersets,
and for any (upwards) directed collection G of open sets such that ⋃G ∈ H, there is
U ∈ G such that U ∈ H. The simplest way to get a compact family is to choose any
collection K of compact subsets of X and then look at the family O(K) of all open sets
containing some K ∈ K. But ‘nontrivial’ compact families are not so easy to construct,
making spaces which are not H -trivial difficult to obtain. In this paper we shall rely
exclusively on the characterization ofH -trivial spaces given by Proposition 1.1 below (the
definition of moving off collections is given at the beginning of Section 2). Proposition 1.1
is established in [6] forH ⊂K(X) andX Hausdorff. The proof given there (which is based
on [21, Theorem 10.4]) works for an arbitrary H ⊂ F (X), provided that X is assumed to
be regular.
Proposition 1.1. The space X is H -trivial if and only if for any moving off collection
C ⊂H and any compact family H of X, there is C ∈ C such that X \C ∈H.
In our approach to Shakhmatov and Nogura questions, our primary preoccupation was
to avoid compact families. Theorem 2.1 gives a description of H -trivial spaces in terms of
open sieves, where compact families do not appear. Added to this, Theorem 2.1 provides
parallels between H -trivial spaces and the more familiar classes of ˇCech-complete spaces
and sieve-complete spaces. Recall that sieve-complete spaces, and thus ˇCech-complete
spaces, are F -trivial (see, respectively, [24,10]). The proof of Theorem 2.1 is given in
Section 2 trough a topological game criterion of H -triviality (Proposition 2.4).
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Section 3 contains some new classes and examples of H -trivial spaces. For example,
it is shown there that every Lindelöf P -space is F -trivial. The techniques used give
an illustration of how much H -trivial spaces are related to several classical topics and
concepts in general topology.
Section 4 is devoted to the proof that the space of rationals is not Fin-trivial, improving
the result that the rationals are not F -trivial [2] (see [4,8] for different proofs). The fact that
the rationals are not Fin-trivial was already established in [6], by using Preiss’s theorem
on Prohorov spaces [25]. The proof given here requires no measure-theoretical argument,
and is based on a result of Debs and Saint Raymond [9] related to tri-quotient maps and
compact-covering maps.
A class of maps preserving H -trivial spaces, called Q-covering, is introduced in
Section 5. Roughly speaking,Q-covering maps are forF -trivial spaces what quotient maps
are for k-spaces. More precisely, it turns out that F -trivial spaces are spaces that can be
represented as Q-covering image of locally compact spaces. Also, as for quotient maps,
Q-covering maps are not stable by finite products or sum, but the ‘product Whitehead
theorem’ is satisfied. It is proved in [21] that if X is first countable and all its closed
countably compact subspaces are compact, then X is locally compact if (and only if) the
productX×Y is F -trivial for every F -trivial space Y . In [21, Question 11.11], the authors
ask if this result remains true for all first countable spaces X. In Section 5, we shall give
a positive answer to this question, and show that even first countability can be weakened
assuming only that the factor X is of pointwise countable type.
2. A characterization of H -trivial spaces
Following [15] (see also [16]), a collection C of non-empty closed subsets of X, is said
to be a moving off collection of X if for any compact set K in X there is C ∈ C such that
C∩K = ∅. Analogously, if P(X) denotes the power set of X, we shall say that a collection
U ⊂P(X) is moved off by C ⊂P(X) if for any U ∈ U , there is C ∈ C such hat C ∩U = ∅.
Recall that an open sieve on a space X is a sequence ({Uα: α ∈An},πn)n∈N of indexed
covers, together with maps πn :An+1 →An, such {Uα: α ∈A0} is an open cover of X and
for every α ∈ An, {Uβ : β ∈ π−1n (α)} is an open cover of Uα . If in addition {Uα: α ∈ A0}
and all {Uβ : β ∈ π−1n (α)}, α ∈ An, n ∈ N, are (upwards) directed, we say that the sieve
({Uα: α ∈ An},πn)n∈N is directed. If Uβ ⊂ Uα for all β ∈ π−1n (α), for every α ∈ An and
n ∈ N, the sieve is said to be strong [17]. A π -chain is a sequence (αn)n∈N such that
αn ∈ An and πn(αn+1) = αn for all n ∈ N. The sieve is said to be complete if, whenever
(αn)n∈N is a π -chain and F is a filter base on X such that each Uαn contains some F ∈F ,
then
⋂{F : F ∈F} = ∅.
We say that the sieve ({Uα: α ∈An},πn)n∈N is moved off by a collection C ⊂P(X), if
for any π -chain (αn)n∈N there is C ∈ C and n ∈ N such that C ∩ Uαn = ∅. Notice that a
collection C ⊂H of non-empty sets is a moving off collection of X if there exists an open
directed sieve of X which is moved off by C . It turns out that the converse holds precisely
when X is H -trivial.
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Theorem 2.1. The space X is H -trivial if, and only if, for every moving off collection
C ⊂H of X there is an open directed sieve of X which is moved off by C .
Remark 2.2. If H ⊂K(X), then it suffices to suppose in Theorem 2.1 that X satisfies the
Hausdorff separation axiom.
Theorem 2.1 is the conjunction of Propositions 2.4 and 2.5. In the proofs we shall make
use of a two players infinite game. For a collection C of subsets of X, let C+ denote the
collection of all subsets A ⊂ X satisfying A ∩ C = ∅ for all C ∈ C . Consider the game
G(C,X) defined as follows. At the first move, Player I chooses an open directed cover
U0 of X, and then Player II chooses V0 ∈ U0. At steep n + 1, Player I chooses an open
directed cover Un+1 of Vn, and then Player II chooses Vn+1 ∈ Un+1. Player II is declared
to be the winner of the play (Un,Vn)n∈N if Vn ∈ C+ for all n ∈N; otherwise, Player I is the
winner.
Proposition 2.3. The space X is H -trivial if, and only if, there is no moving off collection
C ⊂H for which Player II has a winning strategy in the game G(C,X).
Proof. Let C ⊂H be a moving off collection of X, H a compact family and suppose that
Player II has no winning strategy in the game G(C,X). We shall use H to built a strategy
σ of Player II as follows. If U0 is the first move of Player I, let σ(U0)= V0, where V0 ∈ U0
and V0 ∈ H (this is possible since U0 is directed and ⋃U0 ∈ H). Suppose that at steep
n > 0, Player I has given a directed open cover Un+1 of Vn, Vn being in H. Then, again,
Player II answers by giving Vn+1 ∈ Un+1 such that Vn+1 ∈H. By hypothesis, this σ cannot
be a winning strategy for Player II, so there must be a play (Un,Vn) such that Vn ∈H for
all n ∈ N and Vk ∩ C = ∅ for some C ∈ C and k ∈ N. But this implies that X \ C ∈H. In
view of Proposition 1.1, X is H -trivial.
Conversely, suppose that X is H -trivial, and let C ⊂H be a moving off collection of
X. Let σ be a strategy of Player II in the game G(C,X). Denote by Σ the set of all partial
plays of the form w = (U0, . . . , Vn−1,Un), which are compatible with σ and where Player
II has to play. The collection H of all open sets O ⊂X for which there is w ∈Σ such that
σ(w)⊂O , is a compact family. Indeed,H is not empty (since σ({X})=X) and is clearly
stable with respect to open supersets. Furthermore, if O =⋃i∈I Ui ∈H, then σ(w)⊂O
for some w= (U0,V0, . . . , Vn−1,Un) in Σ . The collection Vn+1 = {σ(w)∩Ui : i ∈ I } is an
open cover of σ(w), thus w′ = (U0,V0, . . . ,Vn−1,Un, σ (w),Un+1) belongs to Σ , where
Un+1 is the collection of finite unions of sets from Vn+1. Hence, there is a finite set J ⊂ I
such that σ(w′)⊂⋃i∈J Ui , that is,
⋃
i∈J Ui ∈H.
Since X is H -trivial, according to Proposition 1.1, there is C ∈ C such that X \C ∈H.
This implies that σ(w)∩C = ∅ for some w= (U0,V0, . . . ,Vn−1,Un) in Σ . Clearly, Player
I has a winning strategy from then on. ✷
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It is easy to see that the game G(C,X) is closed, that is, its payoff set is closed. Thus,
by Gale-Stewart theorem [13], G(C,X) is determinated.1 So Proposition 2.3 can be stated
in an equivalent form as follows.
Proposition 2.4. The space X is H -trivial if, and only if, for every moving off collection
C ⊂H of X, Player I has a winning strategy in the game G(C,X).
Now, the connection with open sieves is given by the following (the straightforward proof
of which is included for the sake of completeness).
Proposition 2.5. Let C ⊂P(X). Then the following are equivalent:
(a) Player I has a winning strategy in the game G(C,X),
(b) there is a directed open sieve of X which is moved off by C .
Proof. Let ({Uα: α ∈ An},πn)n∈N be a directed open sieve of X which is moved off by
C . A winning strategy for Player I is defined as follows. Let σ(∅) = {Uα: α ∈ A0}. If
Player II chooses Uα , with α ∈ A0, then the answer of Player I is {Uβ : β ∈ π−10 (α)}. At
stage n ∈ N, if Player chooses Uα with (necessarily) α ∈ An, Player I answers by giving
{Uβ : β ∈ π−1n (α)}.
Conversely, let σ be a winning strategy for Player I. Put σ(∅) = {Uα: α ∈ A0}. For
each α ∈ A0, let σ({Uα′ : α′ ∈ A0},Uα)= {Uβ : β ∈ A1,α}. We may suppose that the sets
A1,α, α ∈ A0 are mutually disjoint. Put A1 =⋃{A1,α: α ∈ A0} and define π0 :A1 → A0
by π0(β) = α if β ∈ A1,α . Suppose now that the covers {Uα: α ∈ Ai}, 0  i  n, are
defined as well as the mappings πi :Ai+1 → Ai for 1  i  n − 1, where for each
i  n, Ai = ⋃{Ai,α : α ∈ Ai−1} and the sets Ai,α , α ∈ Ai−1 are mutually disjoint.
Then, for each α ∈ An there exists a unique sequence (α0, α1, . . . , αn−1) such that α0 =
π0(α1), . . . , αn−2 = πn−2(αn−1), αn−1 = πn−1(α) and α ∈An,αn−1 . Let {Uβ : β ∈An+1,α}
enumerate the family
σ
({Uβ : β ∈A0},Uα0, {Uβ : β ∈A1,α0},Uα1, . . . , {Uβ : β ∈An,αn−1},Uα
)
.
1 For the convenience of the reader, we give the argument for the game G(C,X). Suppose that Player I has no
winning strategy. Let P be the set of all partial plays w, where Player II has to play and Player I has no winning
strategy beginning with w. Then
(i) (U) ∈ P for each directed open cover U of X and
(ii) (the crucial property) for each w ∈ P , there is a legal V for Player II such that (w,V,U) ∈ P for each legal
U for Player I.
Now, construct a strategy for player II as follows. Let U0 be the first move of Player I. By (i), (U0) ∈ P . Put
σ(U) = V0, where V0 is chosen by using (ii). At steep n, note that by induction w = (U0,V0, . . . ,Un) ∈ P ,
and use (ii) to choose Vn such that (U0,V0, . . . ,Un,Vn,U) ∈ P for all legal U for Player I, and then put
σ(U0,V0, . . . ,Un)= Vn . Then σ is a winning strategy. Indeed, if not, then for some n ∈ N and C ∈ C we have
C ∩ Vn = ∅. But then Player I has a (trivial) winning strategy beginning with w, which contradicts the fact that
w = (U0,V0, . . . ,Un) is in P .
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Then, put An+1 =⋃{An+1,α: α ∈ An} and define πn :An+1 → An by πn(β) = α if β ∈
An+1,α . The sequence ({Uα : α ∈An},πn)n∈N is a directed open sieve of X which is moved
off by C (since every π -chain corresponds to a play compatible with the strategy σ ). ✷
Recall thatX is said to be sieve-complete (originally, monotonically ˇCech-complete [7])
if X has a complete open sieve [17]. The proofs of [17, Lemmas 2.3 and 2.4] show that
every regular sieve-complete space has a strong complete sieve which is finitely additive
(in the sense of [17]), thus directed.
Proposition 2.6. Let C ⊂ F be a moving off collection of X. Then every strong complete
sieve of X is moved off by C . (In particular, all regular sieve-complete spaces are F -
trivial [24].) Conversely, if X has a strong sieve which is moved off by every moving off
collection C ⊂ F of X, then X is sieve-complete.
Proof. Let ({Uα: α ∈ An},πn)n∈N be such a sieve of X and (αn)n∈N a π -chain. We may
suppose that Uαn = ∅ for all n ∈N. Then K =
⋂
n∈NUαn is a compact set and the sequence
(Uαn)n∈N is a base of neighbourhoods of K (see [17, Lemma 2.5]). Since C is a moving
off collection of X, there is C ∈ C such that C ∩K = ∅, and since C is closed, there exists
n ∈N such that C ∩Uαn = ∅.
Conversely, suppose that X has such a sieve ({Uα: α ∈An},πn)n∈N. Let F be a closed
filter base on X, without cluster points in X. Then F is a moving off collection of X. So,
for each π -chain (αn)n∈N, there are F ∈F and n ∈N such that F ∩Uαn = ∅. This proves
that the sieve is complete. ✷
One of the most important question in consonance theory, which remains open, is to
produce in ZFC a metrizable F -trivial space which is not ˇCech-complete. This is [21,
Problem 11.4]. In the light of Theorem 2.1, this problem should be read as follows.
F -trivial spaces are those spaces X satisfying
(∗) for every moving off collection C ⊂ F of X, there exists an open directed sieve of X
which is moved off by C ,
and, as observed in Proposition 2.6, completely (equivalently, sieve-complete [7,17])
metrizable spaces are metrizable spaces X satisfying
(∗∗) there exists an open (directed) sieve of X which is moved off by all moving off
collections C ⊂ F of X.
So, the question is whether it is possible for metrizable spaces to permute the order of the
quantifiers ∀ and ∃ in (∗) to get (∗∗). This is possible for co-analytic metrizable spaces,
even if we take Fin in place of F in (∗) (see Corollary 4.5 bellow), and is independent of
ZFC for analytic ones (see [4]).
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3. ExamplesIn this section, we collect tree specific classes of spaces, all members of which are
H -trivial. Let us say that the space X has the
– MOP(H ) (moving off property with respect to H ) if any moving off collection C ⊂H
contains an infinite subcollection with an open discrete expansion,
– WMOP(H ) (‘W’ for weak) if any moving off collection C ⊂ H contains an infinite
locally finite subcollection,
– CMOP(H ) (‘C’ for cover) if for any moving off collection C ⊂ H there is an open
directed cover U of X which is moved off by C .
The MOP(K) was introduced by Gruenhage and Ma in [15] in their study of Baireness
of Ck(X), the space of real-valued continuous functions on X with the compact-open
topology. The WMOP(K) is taken from [6], where it is shown that spaces with the
WMOP(K) areK-trivial. It is easy to see that the MOP(H ) implies the WMOP(H ), which
implies the CMOP(H ). On the other hand, any locally compact space, which is countably
compact and non-compact, has the CMOP(F ) but not the WMOP(Fin).
It is also easy to check that X has the CMOP(H ) if, and only if, for any moving off
collection C ⊂H of X, Player I has a strategy in the game G(C,X), according to which
he is sure to win at the first move. Thus, in view of Proposition 2.4.
Proposition 3.1. Every space with the CMOP(H ) is H -trivial.
It is natural to wonder whether every H -trivial space must have one of the moving off
properties described above, with respect to some H ′ possibly less involved than H , and
vice versa. To give examples related to this question, we need the following statement.
Recall that X is said to be of pointwise countable type at x ∈ X if x is contained in a
compact subset of X having a countable outer base in X [12]. For U ⊂ P(X) and A⊂X,
let St(A,U)=⋃{U ∈ U : A∩U = ∅}.
Proposition 3.2. Let X be a space with the CMOP(Fin).
(1) Suppose that for every open cover U of X, there is an open cover V of X such that for
each x ∈X, St({x},V)⊂⋃Ux for some countable collection Ux ⊂ U . Then X has the
WMOP(Fin).
(2) If X is not countably compact, then X is locally compact at each point at which it is
of pointwise countable type.
Proof. (1) Let C ⊂ Fin be a moving off collection of X and fix a directed open cover
U of X which is moved off by C . Let V be an open cover satisfying our assumption
with respect to U . Choose C0 ∈ C and let U0 = (U0n )n∈N be a countable subcollection
of U such that St(C0,V) ⊂ ⋃n∈NU0n . Suppose that C0, . . . ,Cn and U0, . . . ,Un have
been defined. Since the cover U is directed, some member of it contains Ci and Uji for
all 0  i, j  n. Thus, we can choose Cn+1 ∈ C disjoint from all Ci , i  n, such that
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Cn+1 ∩ (⋃{Ui : 0 i, j  n})= ∅. By induction, we define a pairwise disjoint sequencej
(Cn)n∈N ⊂ C and a sequence Un = (Unk )k∈N of countable subcollections of U , such that
St(Cn,V) ⊂⋃Un and Cn+1 ∩ (⋃{Uij : 0  i, j  n}) = ∅ for all n ∈ N. We claim that
(Cn)n∈N is locally finite. Indeed, let x ∈X and chooseV ∈ V such that x ∈ V . IfCl∩V = ∅
for some l ∈ N, then V ⊂⋃Ul , thus x ∈ Ukl for some k ∈N. It follows that Cn ∩Ulk = ∅
for all n > max(k, l).
(2) Let (Vn)n∈N be a decreasing closed neighbourhood base of K in S, where K is a
non-empty compact subset of X. Suppose that the Vn’s are not compact. Let us denote by
(xn)n∈N ⊂X an arbitrary sequence without cluster points in X. As in [15], the collection
C of all sets of the form {xn, a0, . . . , an}, where ai ∈ Vi for all i  n, n ∈ N, is a moving
off collection of X. Since X has the CMOP(Fin), there is an open directed cover U of X
which is moved off by C . Fix U ∈ U and n ∈N such that {x0, x1, . . . , xn} ∪Vn ⊂U , which
is possible since U is directed and (Vn)n∈N is a base of X at K . Since U is moved off by C ,
we have {xk, a0, . . . , ak} ∩U = ∅ for some k ∈N and ai ∈ Vi . Necessarily, k > n, but then
ak ∈ Vk ⊂ Vn ⊂U , which is a contradiction. ✷
By the above proposition, the space of irrationals is F -trivial (since it is ˇCech-complete)
without the CMOP(Fin). Now we give an example of a space X with the WMOP(S) and
the MOP(K), but not F -trivial. Here S stands for the collection of all separable closed
subspaces of X (in this example, S will be hereditary with respect to closed subsets).
Example 3.3. Let I be a non-empty set and denote by SI = (I ×N) ∪ {∞} the Fréchet–
Urysohn fan of size |I |. Recall that SI is the quotient of the topological sum of |I | many
convergent sequences, under the map identifying limit points of all sequences. It is proved
in [6] that SI has the MOP(K) for all I , and in [21, Corollary 5.4 and Lemma 6.1] that SI
is F -trivial if I is countable and not {closed and discrete}-trivial if I is uncountable.
To show that SI has the WMOP(S), let C ⊂ S be a moving off collection of SI . Then,
each C ∈ C is countable. Choose C0 ∈ C and f0 ∈ NI such that C0 ∩ Uf0 = ∅. Here, for
f ∈NI , Uf stands for the (basic) neighbourhood of ∞ given by {(i, n): n f (i)} ∪ {∞}.
Suppose that C0, . . . ,Cn and f0  · · · fn have been defined, and write π(Ck)= {ikj : j ∈
N}, where π : I × N→ I is the projection map. Choose Cn+1 ∈ C and fn+1  fn such
that Cn+1 ∩ (Ufn+1 ∪ ({ikj : 0  j, k  n} × N))= ∅. Proceeding in this way, we define a
sequence (Cn)n∈N ⊂ C and an increasing sequence (fn)n∈N ⊂NI , such that the following
properties hold:
(i) for each i ∈ I , there are only finitely many n ∈N such that i ∈ π(Cn),
(ii) Ufn ∩Cn = ∅ for all n ∈N.
It follows from (i) that the sequence (Cn)n∈N is infinite and locally finite at each point of
SI \ {∞}. To show that (Cn)n∈N is also locally finite at ∞, let us use (i) to define f ∈NI
as follows. Put f (i) = fn(i)(i) + 1, where n(i) is the maximum of integers n ∈ N such
that i ∈ π(Cn), and f (i)= 0 if i /∈ π(⋃n∈NCn). Then Uf ∩Cn = ∅ for all n ∈N. Indeed,
let (i, l) ∈ Uf and n ∈ N. If f (i) = 0, then (i, l) /∈ Cn. If f (i) = 0, then n(i) is defined
and in this case l  f (i) = fn(i)(i) + 1. If n > n(i) then (i, l) /∈ Cn. If n  n(i), then
l  fn(i)(i) fn(i), thus (i, l) is in Ufn which is disjoint from Cn according to (ii).
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Recall that a space X is said to be a kω-space if there is a sequence (Kn)n∈N of compact
subsets of X such that X =⋃n∈NKn, determining the topology of X. That is, a set F ⊂X
is closed in X if (and only if) F ∩Kn is compact for all n ∈ N. It is well-known that the
class of kω-spaces is stable by quotient maps. It is proved in [10,21] that kω-spaces are
F -trivial. Propositions 3.4 and 3.6 show that the CMOP(F ) is a common generalization
of kω-spaces and locally compact spaces. On the other hand, the one-point Lindelöfication
of any uncountable discrete space, which is shown to be F -trivial in [10, Example 6.5],
is a space having the CMOP(F ) and being not even a k-space. The fact that this space
has the CMOP(F ) follows from Proposition 3.4, where “L is a P -space” means that the
intersection of any countable family of open sets in L is open.
Before stating the next result, let us mention from [21] that the class of F -trivial spaces
is not stable with respect to finite topological sums (see also Theorem 5.5).
Proposition 3.4. For every kω-space X and every Lindelöf P -space L, the topological sum
X⊕L has the WMOP(F ), thus is F -trivial.
Proof. Let C ⊂ F be a moving off collection of X ⊕ L. Write X = ⋃n∈NKn, where
(Kn)∈N is an increasing sequence of compact subsets of X determining the topology of
X. For each n ∈ N, the collection Un of all L \C, where C ∈ C and C ∩Kn = ∅, is an ω-
cover of L (that is, each finite subset of L is contained in some U ∈ Un). It is proved in [1,
Theorem II.7.15] that Cp(L), the space of continuous real-valued functions on L with the
pointwise topology, is Fréchet-Uryshon. Thus, by a theorem of Gerlits and Nagy [14], for
each n ∈ N there is a set Cn ∈ C with L \ Cn ∈ Un, such that L =⋃n∈N(L \
⋃
mn Cm).
(One can also apply directly the lemma in [14] attributed to Galvin). We claim that the
(infinite) sequence (Cn)n∈N is locally finite. Indeed, let us show that each y ∈X⊕L has a
neighbourhood V which meets only finitely many Cn’s. Since L is a P -space, this is clear
if y ∈ L. If y ∈X, that is, y ∈Kn for some n ∈N, take V =X \⋃mn Cm; this is an open
set, since Kl ∩ (⋃mn Cm)=Kl ∩ (
⋃
nm<l Cm) for each l ∈N, and the topology of X is
determined by (Kn)n∈N. ✷
Remark 3.5. In Proposition 3.4, it suffices to assume that X has the following property:
There is a sequence (Kn)n∈N of compact subsets of X such that every infinite sequence
(Fn)n∈N of closed non-empty subsets of X satisfying Fn ∩Kn = ∅ for all n ∈ N, has an
infinite closure-preserving subsequence. This is, for example, the case for any subspace
N ∪ {x} of βN (the ˇCech–Stone compactification of the integers), where x is a P -point
of βN [5].
Proposition 3.6.
(1) Every locally compact space X has the CMOP(F ).
(2) Every kω-space X has the MOP(K) and the WMOP(F ).
(3) If f :X→ Y is bi-quotient [19] and X has the CMOP(F ), then Y has the CMOP(F ).
Proof. (1) Take U to be the collection off all open relatively compact subsets of X.
168 A. Bouziad / Topology and its Applications 132 (2003) 159–174
(2) The space Ck(X) of real-valued continuous functions on X, endowed with the
compact-open topology, is a Baire space; in fact, it is completely metrizable by a classical
result of Warner. Thus X has the MOP(K), by a result of Gruenhage and MA [15].
The fact that X has the WMOP(F ) follows from Proposition 3.4.
(3) Let C ⊂ F (Y ) be a moving off collection of Y . Then f−1(C) is a moving off
collection of X, so X has a directed open cover U which is moved off by f−1(C). Since
f is bi-quotient, the collection of interiors of sets f (U), with U ∈ U , is an open directed
cover of Y which is clearly moved off by C . ✷
4. The spaces of rationals is not Fin-trivial
The fact that the rationals are not F -trivial was established in [2] by using Preiss’s
theorem that the space of rationals is not Prohorov [25]. Later, in [4,8], two different
topological proofs were given. In [6], using again Preiss’s theorem, we have showed that
the rationals are not even Fin-trivial. The purpose of this section is to give a topological
proof of this last result, based (among others things) on a result obtained by Debs and Saint
Raymond [9].
Following Michael [17], a map f :X→ Y is tri-quotient if one can assign to each open
set U ⊂ X an open set U∗ ⊂ Y in such a way that X∗ = Y , U∗ ⊂ f (U), U ⊂ V implies
U∗ ⊂ V ∗ and, for each y ∈ U∗ and every open cover U of f−1(y) ∩ U , there is a finite
V ⊂ U such that y ∈ (⋃V)∗. Recall also that a map f :X→ Y is compact-covering if for
every compact L⊂ Y there is a compact L⊂X such that K ⊂ f (L).
Lemma 4.1.
(1) Let f :X → Y be an onto map, and suppose that Y is not compact, or f is
not compact-covering. Then, for every dense subset D of Y , the collection C =
{f−1(x): x ∈D} is a moving off collection of X.
(2) Let f :X→ Y be a tri-quotient map. Then, for every compact set L⊂ Y , the collection
H(L) of all open sets U ⊂X such that L⊂ U∗, is a compact family.
Proof. (1) Let K ⊂X be a compact set. We have Y \f (K) = ∅, thus D∩ (Y \f (K)) = ∅,
which means that f−1(d)∩K = ∅ for some d ∈D.
(2) Clearly, H(L) is non-empty and stable with respect to open supersets. Let U be a
family of open subsets of X such that L ⊂ (⋃U)∗. Then, for each y ∈ L there is a finite













Lemma 4.2. There is a metrizable 0-dimensional σ -compact space, which is not Fin-
trivial.
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Proof. Let us first recall the result by Debs and Saint Raymond quoted above. Let
C = {0,1}N be the usual Cantor space and Q ⊂ C the space of rationals. Following (the
proof of) [9, Theorem 7.9], there is a σ -compact subspace X of C ×C such that
(i) the projection mapping π :X→C is tri-quotient, but not compact-covering,
(ii) π−1(x) is a finite subset of X for all x ∈Q.
Now, put C = {π−1(x): x ∈ Q}. Then, since Q is dense in C and π is not compact-
covering, Lemma 4.1(1) implies that C is a moving of collection ofX. IfX were Fin-trivial,
we should obtain from Lemma 4.1(2) (and Proposition 1.1) that X \ π−1(x) ∈H(C) for
some x ∈Q. In particular, x ∈ π(X \ π−1(x)), which is impossible. ✷
Proposition 4.3. Let f :X→ Y be a perfect onto map. If Y isH 2-trivial and f (H 1)⊂H 2,
then is X is H 1-trivial.
Proof. Observe that if C ⊂H 1 is a moving off collection of X and H is a compact family
of X, then f (C) is a moving off collection of Y and H′ = {U ⊂ Y : U open, f−1(U) ∈H}
is a compact family of Y . Now, if Y \ f (C) ∈H′, then X \ C ∈H. So, Proposition 1.1
applies. ✷
Theorem 4.4. The space of rationals Q is not Fin-trivial.
Proof. Let X be the space in Lemma 4.2. Then, since X is metrizable, 0-dimensional
and σ -compact, it is homeomorphic to a closed subspace of C ×Q (see the proof of [11,
Theorem 8.18]). Relying on Proposition 1.1, it is easy to check that every closed subspace
of a Fin-trivial space is Fin-trivial. Thus C × Q is not Fin-trivial. It follows now from
Proposition 4.3 that Q is not Fin-trivial. ✷
It is well-known that every co-analytic metrizable space which is not a Polish space
contains a closed copy of the rationals (see [25]). Thus, applying Theorem 4.4, we get the
following result which improves [2, Theorem 2.3].
Corollary 4.5. Every metrizable co-analytic Fin-trivial space is Polish.
5. Q-covering maps
The class of F -trivial spaces is stable by perfect maps, open maps and even by tri-
quotient maps.2 These results are obtained respectively in [2,21,24]. All these maps
2 A.V. Ostrovsky introduces in [22] a class of maps, more general than tri-quotient maps, called by him
transquotient, and proved that transquotient image of any (regular) F -trivial space is F -trivial [22, Theorem 1.3].
The proof proposed by him consists again to show that every transquotient map is (in our terminology) Q-
covering. Unfortunately, this is not true. In fact, in his paper [23], Ostrovsky exhibits an example of transquotient
map between two Polish spaces, which is not compact-covering. In view of (Q5) this map cannot be Q-covering.
So the proof of [22, Theorem 3.1] is incomplete.
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f :X→ Y have the common property that to each compact family HY of Y corresponds a
compact family HX of X, such that U ∈HY whenever U ⊂ Y is open and f−1(U) ∈HX .
Let us say that the map f :X→ Y is Q-covering if it satisfies this property. It seems that
Q-covering maps form the largest class of maps preserving F -trivial spaces.
Proposition 5.1. If f :X→ Y is Q-covering and X is H 1-trivial, then Y is H 2-trivial
provided that f−1(H 2)⊂H 1.
Proof. Let HY be a compact family and C ⊂ H 2 a moving off collection of Y . Then,
since f is continuous, f−1(C) is a moving off collection of X. Let HX be compact
family of X associated to f and HY . Since X is H 1-trivial and f−1(H 2)⊂H 1, we have
X \ f−1(C) ∈HX for some C ∈ C , and then Y \C ∈HY . ✷
Proposition 5.2. For any space X, the following are equivalent:
(1) X is F -trivial,
(2) X is a Q-covering image of a locally compact space.
Proof. In view of Proposition 5.1, it remains to show that (1) implies (2). Let Y be the
sum of all compact subspaces of X. Then Y is locally compact and the obvious map
f :Y → X is compact-covering. Since X is F -trivial, in view of (Q5) (see below), f is
Q-covering. ✷
The following properties require only routine verifications and are not used here, except
(Q5) for which a sketch of the proof is included.
(Q1) Every tri-quotient map f :X→ Y is Q-covering.
(Q2) If f :X → Y is Q-covering and Z ⊂ Y is closed, then f :f−1(Z) → Z is Q-
covering.
(Q3) If f :X→ Y is inductively Q-covering, that is, f :Z→ Y is Q-covering for some
subspace Z of X, then f is Q-covering.
(Q4) If f :X→ Y and g :Y → Z are Q-covering, then so is g ◦ f :X→ Z. Conversely,
if g ◦ f is Q-covering, then so is g :Y →Z.
(Q5) If f :X → Y is compact-covering and Y is F -trivial, then f is Q-covering.
Conversely, if f :X → Y is Q-covering and X is F -trivial, then f is compact-
covering.
Proof (Sketch). To show the first part of (Q5), let HY be a compact family of Y . Since Y
is F -trivial, there is a compact set K ⊂ Y such that O(K)⊂HY . Put HX =O(L), where
L⊂X is a compact set such that K ⊂ f (L). Then HX satisfies the required property.
Suppose now that f is compact-covering and let K ⊂ Y be a compact set. Then, there
is a compact family HX of X such that K ⊂ O , for every open set O ⊂ Y such that
f−1(O) ∈HX . Since X is F -trivial, we have O(L) ⊂HX for some compact set L⊂ X.
This implies that K ⊂ f (L). ✷
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Examples 5.3. (1) There is a bi-quotient map which is not Q-covering: The space of
rationals Q is a bi-quotient image of the irrationals [20]. Now, apply Theorem 4.4 and
Proposition 5.1.
(2) There is a Q-covering map which is not quotient: Apply Proposition 5.2 with
X F -trivial and not k-space (for example, the one-point Lindelöfication of a discrete
uncountable set, see Proposition 3.4).
(3) There is a Q-covering hereditarily quotient map which is not bi-quotient: Apply
Proposition 5.2 to the space X of irrationals to get a Q-covering map f :Y → X, where
Y is locally compact. By (Q5) f is compact-covering. Thus, X being Fréchet–Urysohn, f
is hereditarily quotient. Since the class of locally compact spaces is stable by bi-quotient
maps [19], f is not bi-quotient.
(4) There is a compact-covering map f :X→ Y , where X is Polish, which is not Q-
covering: Take any countable space Y which is not F -trivial, all compact subsets of which
are finite, and let X be Y made discrete and f :X→ Y the identity map. (For the existence
of a space Y with these properties, see [6].)
Since the class of F -trivial spaces is not preserved neither by finite products nor by
finite sums (see [21]), a consequence of Proposition 5.2 is that the product or the sum
of two Q-covering maps is not necessarily Q-covering. However, the counterpart of the
classical Whitehead theorem for Q-covering maps is true. In what follows iZ denotes the
identity map on Z.
Proposition 5.4. Let f :X→ Y be a Q-covering map. Then for every locally compact
space Z, the product mapping f × iZ :X×Z→ Y ×Z is Q-covering.
Proof. Suppose first that Z is compact. Let HY×Z be a compact family of Y × Z. Then
the collection of all open sets U ⊂ Y such that U ×Z ∈HY×Z , is a compact family of Y .
Hence, there is a compact family HX of X such that U × Z ∈HY×Z , for each open set
U ⊂ Y satisfying f−1(U) ∈HX . Put
HX×Z =
{
O ⊂X×Z: O open,X \ πX(X×Z \O) ∈HX
}
.
Then HX×Z is a compact family of X × Z: Indeed, if O = ⋃i∈I Oi ∈ HX×Z , where{Oi : i ∈ I } is a directed family of open sets, then the compactness of Z implies that for
every x ∈ πX(X ×Z \O)= {x ′ ∈X: {x ′} ×Z ⊂O} there is i ∈ I such that x ∈ πX(X ×
Z \Oi). Suppose now that W ⊂ Y ×Z is an open set such that (f × iZ)−1(W) ∈HX×Z .
Let V be the set of all y ∈ Y such that (y, z) ∈W for all z ∈ Z. Then, since Z is compact,
V is open. Furthermore, we have
X \ πX
(
X×Z \ (f × iZ)−1(W)
)= f−1(V ).
Since V ×Z ⊂W and V ×Z ∈HY×Z , we obtain W ∈HY×Z .
For the general case, let HY×Z as above, and fix an open set U ⊂ Z such that U is
compact and Y ×U ∈HY×Z . One gets such a U by using compactness ofHY×Z and local
compactness of Z. Let HY×U be the collection of all open subsets of Y × U containing
some member of HY×Z . Then HY×U is a compact family of Y × U . Now, apply the first
case to X, Y , U and f × iU , to get a compact familyHX×U such that W ∈HY×U for every
172 A. Bouziad / Topology and its Applications 132 (2003) 159–174
open set W ⊂ Y ×U satisfying (f × i )−1(W)⊂H . Let HX×Z be the collection ofU X×U
all open sets O ⊂X×Z such that O ∩X ×U ∈HX×U . It is easy to check that HX×Z is
a compact family of X×Z satisfying the required property. ✷
As we shall show in Proposition 5.6, Proposition 5.4 is optimal for Z F -trivial and of
pointwise countable type (that is, Z is of pointwise countable type at each of its points, see
Section 3).
Theorem 5.5. Let X be a space of pointwise countable type. The following are equivalent:
(a) X is locally compact,
(b) for every kω-space Y , the product space X× Y is F -trivial,
(c) for every kω-space Y , the topological sum X⊕ Y is F -trivial.
Proof. The implication (a) ⇒ (b) follows from the fact that kω-spaces are F -trivial and
that the product of two F -trivial spaces, one of which is locally compact, is F -trivial,
see [10]. (One can also apply Propositions 5.1, 5.2 and 5.4.) It is also well-known that
for any regular spaces X and Y , the topological sum X ⊕ Y is F -trivial if and only if
the product space X × Y is F -trivial (see [21] for the ‘if’ part and [3] for the ‘only if’
part). So, it remains to prove the implication (c) ⇒ (a). Let x0 ∈X and suppose that X is
not locally compact at x0. Fix a compact set A⊂X containing x0 and a decreasing basis
(Vn)n∈N of closed neighbourhoods of A in X. We first define a kω-space. To do that, we
follow the construction by Michael in the proof of [18, Theorem 2.1]. For each n ∈ N,
there is a well-ordered (transfinite) sequence (Fn,λ)λ<λ(n) of non-empty closed subsets of
Vn such that
⋂
λ<λ(n) Fn,λ = ∅ (see, for instance, [12, 3.12.1]). Let L be the topological
sum of the compact spaces {n} × [0, λ(n)] (with the order topology), and denote by Y the
quotient space obtained from L by identifying all the points (n,λ(n)) to a point∞. Then Y
is a kω-space, being quotient of the sum of countably many compact spaces. To conclude,
we show that the topological sum X ⊕ Y is not F -trivial. For that, it suffices in view of
Proposition 1.1 to find a compact family H and a moving off collection C ⊂ F of X⊕ Y ,
such that C ∩U = ∅ for all C ∈ C and U ∈H.
Let H be the collection of all open sets U ⊂X⊕ Y with the following two conditions:
(i) {∞} ∪A⊂U , and
(ii) for each n ∈N there is λ < λ(n) such that (n,λ) ∈ U and Fn,λ ∩U = ∅.
Then H is a compact family. Indeed, let (Ui)i∈I be a directed family of open subsets of
X ⊕ Y such that ⋃i∈I Ui ∈H. Then, by (i), for some j0 ∈ I , there is k ∈ N and for each
n ∈ N there is f (n) < λ(n) such that Vk+1 ∪ Uf ⊂ Uj0 , where Uf = {∞} ∪ {(n,λ) ∈
N× [0, λ(n)[: λ  f (n)}. By (ii), choose j1 ∈ I and λi < λ(i) for each i  k, such that
{(0, λ0), . . . , (k, λk)} ⊂ Uj1 and Fi,λi ∩ Uj1 = ∅ for all i  k. Since for every n  k + 1,
we have (n,f (n)) ∈ Uj0 and Fn,f (n) ⊂ Vk+1 ⊂Uj0 , it follows that Uj0 ∪Uj1 ∈H.
Let C be the set of all closed subsets of X⊕ Y of the form ({n} × [0, λ])∪ Fn,λ, where
λ < λ(n) and n ∈ N. To show that C is a moving off collection of X ⊕ Y , let K1 ∪ K2
be a compact subset of X ⊕ Y where K1 ⊂ X and K2 ⊂ Y . There exists k ∈ N such that
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K2 ⊂ {∞} ∪⋃i<k({i} × [0, λ(i)[). Since
⋂
λ<λ(k) Fk,λ = ∅, there exists λk < λ(k) such
that K1 ∩ Fk,λk = ∅. Put C = ({k} × [0, λk])∪Fk,λk . Then C ∈ C and (K1 ∪K2)∩C = ∅.
To conclude, choose U ∈ H and C ∈ C and let us verify that C ∩ U = ∅. We have
C = ({n}×[0, λ])∪Fn,λ for some λ < λ(n) and n ∈N. By condition (ii), there is β < λ(n)
such that (n,β) ∈U and Fn,β ∩U = ∅. If λ β , then Fn,β ⊂ Fn,λ and thus Fn,λ ∩U = ∅.
If β  λ, then β ∈ [0, λ], and thus ({n} × [0, λ]) ∩ U = ∅. In all cases C ∩ U = ∅ as
claimed. ✷
Proposition 5.6. Suppose that X is F -trivial and of pointwise countable type. The
following are equivalent:
(a) X is locally compact,
(b) for every Q-covering map g :L→ Y , the product mapping iX × g :X × L→X × Y
is Q-covering.
(c) for every Q-covering map g :L→ Y , where L is a kω-space and Y is a k-space, the
product mapping iX × g :X×L→X× Y is Q-covering.
Proof. The implication (b) ⇒ (c) is obvious. In view of Proposition 5.4, it remains to
show that (c) ⇒ (a). Suppose that X is not locally compact. In the proof of Theorem 5.5,
the quotient mapping g :L→ Y is compact-covering and Y is F -trivial, thus, in view of
(Q5), g is Q-covering. The space L being locally compact, the product space X × L is
F -trivial. Since X × Y is not F -trivial, it follows from Proposition 5.1 that the product
mapping iX × g is not Q-covering. ✷
Theorem 5.5 may be compared with the result of Nogura and Shakhmatov [21,
Theorem 8.7], stating that for a class P (see [21] for the definition) of regular first countable
spaces X, local compactness of X is equivalent to the fact that X×Y is F -trivial for every
(regular)F -trivial space Y . In the same paper the authors ask in Question 11.11 if this result
remains valid for all regular first countable spaces X. Theorem 5.5 provides a positive
answer. The fact that X is of pointwise countable type is essential in the implication (c) ⇒
(a) of Theorem 5.5, as is demonstrated by Proposition 3.4 (one can also use the simple fact
that the topological sum of any two kω-spaces is a kω-space).
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